Abstract. The recursive projection schemes used in most existing recursive methods for solid deformable structure dynamic problems in precision manufacturing systems lead to dense coefficient matrices in the acceleration equations and consequently there is a strong dynamic coupling between the joint and elastic coordinates. When the number of elastic degrees of freedom in engineering materials increases, the size of the coefficient matrix in the acceleration equations becomes large and consequently the use of these recursive methods for solving the joint and elastic accelerations becomes less efficient. This paper discusses the problems associated with the recursive projection schemes used in the existing recursive methods, and it is shown that decoupling the joint and elastic accelerations using the nonlinear recursive method requires the factorization of nonlinear matrices whose dimensions are independent of the number of elastic degrees of freedom of the multibody system. An amalgamated formulation that can be used to decouple the elastic and joint accelerations for different multibody manufacturing systems is then proposed. The use of the nonlinear recursive method developed in this paper is demonstrated using the open-loop and closedloop chains in precision manufacturing systems.
Introduction
The analysis of multibody manufacturing that consist of interconnected deformable bodies has been the subject of a large number of investigations. Changizi and Shabana [1] defined the recursive kinematic and dynamic equations in terms of a coupled set of joint and elastic coordinates. The dynamic motion of these systems can be examined using the augmented formulation that employs the absolute coordinates and Lagrange multipliers [2] . Daberkow et al. [3] presented an integrated approach for the integration of Solid Modeling CAD systems within a manufacturing simulation environment. In the above mentioned research works, the rigid body assumption was made by the authors. Chen [4] presented a linearized dynamic model for multi-link planar deformable manipulators which can include an arbitrary number of deformable links. The Lagrange approach was adopted to establish equations of motion for the total robotic manipulator system. Recently, Hwang [5] developed a recursive method for the dynamic analysis of open-loop deformable mechanical systems. In this method, the accelerations of child body are expressed in terms of the absolute reference and elastic accelerations of parent body as well as the joint accelerations. The nonlinear dynamic equations of the deformable bodies are formulated using the generalized Newton-Euler equations [2] that account for the inertia coupling between the rigid body motion and the elastic deformation. The application of the decoupling procedure leads to smaller systems of equations whose dimensions are independent of the number of elastic degrees of freedom. Recently, Hwang [6] developed a method for the analysis of machinery dynamic problems in open-loop precision manufacturing systems. This paper discusses the problems associated with the recursive projection schemes based on this nonlinear recursive method. The use of the nonlinear recursive method developed in this paper is demonstrated using the open-loop and closed-loop chains in precision manufacturing systems.
Recursive projection schemes
The generalized Newton-Euler Equations that govern the dynamic motion of a deformable body can be written as [6] 
where subscripts a and e refer, respectively, to absolute and elastic coordinates. According to this generalized coordinate partitioning, the mass matrix and the forces that appear in Eq. (1) can be written in a partitioned form as 
in which I is an identity matrix, the vector
− is a vector that combines the degrees of freedom of the joints between body i and body i-1 as well as the elastic coordinates of body i. This vector can then be written as
where
− is the vector of relative coordinates of the joint that connects body i and body i-1. The vector
that absorbs terms which are quadratic in the velocities can be written as
In Eq. (5), the number of rows in the matrices 
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Optics Design and Precision Manufacturing Technologies section, a nonlinear recursive algorithm for computing the inertia matrix of a deformable bodies system is developed. The methodology used is based on the concept of projecting the inertia of a body onto the motion space of another body in order to eliminate certain unknown variables. To begin the development of the method, the multi-body system shown in Fig. 1 is considered. The equation of motion of the multi-body system can be written in a matrix form as
where i M is the inertia matrix of the link, i q& & is the vector of absolute acceleration, i Q is the vector of applied external and internal elastic forces as well as the components of the vector of Coriolis and centrifugal forces,
is the reaction force applied to body i by body i-1, , one obtains
(10) which can be written compactly as 
Clearly, the dimension of this inertia matrix depends on the number of joint degrees of freedom as well as the number of elastic coordinates of body i. Furthermore, the submatrix associated with the elastic coordinates in this inertia matrix is no longer constant. Consequently, decoupling the joint and elastic accelerations can be achieved only by evaluating the inverse of the use of LU factorization at every time step. Speaking of order n algorithms, therefore, becomes meaningless since the dimension of the inertia matrix of a body depends on the number of its elastic degrees of freedom. The coefficient matrix in this equation has dimension which is dependent of the number of elastic degrees of freedom. Furthermore, the diagonal elements consist of block diagonal matrices and consequently, the inertia projection scheme described in this paper can be applied to obtain an order n algorithm for the dynamic analysis in open-loop and closed-loop precision manufacturing systems.
Numerical examples
As shown in Fig. 2 , the first example is a two-degree-of-freedom double-pendulum system including two link structures connected by two revolute joints. The body reference coordinate systems are initially attached at the mass center of the respective links. The mass, material properties, Young's modulus, initial conditions and dimension of each link are shown in Table 1 . In this model, body 0 is the base, body 1 is the first link which is connected with base, and body 2 is the second link which is connected with body 1. The structural flexibility of each link is included in the dynamic model. Figure 3 indicates the tip deflection of the first link relative to its rigid body motion. Figure 4 indicates the tip deflection of the second link relative to its rigid body motion. The reaction forces on two joints are presented in Fig. 5 . The results point out the tip vibration of the first and second links are influenced by not only its rigid body motion and flexibility but also the moving end condition. Figure 6 shows the four-bar mechanism used in the second example. The mechanism consists of four links, fixed link OC (ground), crankshaft OA, coupler AB, and rocker BC which are connected by four revolute joints. The geometry dimensions of various links are shown in Table 2 . In the numerical study presented in this section, the crankshaft is assumed to rotate with a constant angular velocity ω ω ω ω =2 π π π π rad/sec. Figure 7 shows the coupler curve that describes the motion trajectory of the midpoint of link AB during one complete cycle. In this case, the deformation of the coupler of the four-bar system is considered. The end conditions used to eliminate the rigid-body modes of the finite element shape functions are obtained by fixing the translational displacements of the nodes at point A as well as the slope about the X-axis and by fixing the Y and Z components of the displacement at point B. Figure 8 shows the out-of-plane bending displacement of the midpoint Key Engineering Materials Vols. 364-366trajectory of coupler AB using different numbers of modes. Figure 9 shows the in-plane modal displacements for the first 6 modes. Figure 10 shows the reaction forces of four different joints in deformable body analysis. 
Summary
A nonlinear method for the dynamic analysis of open-loop and closed-loop precision manufacturing systems is presented in this paper. The absolute reference, joint relative and elastic modal coordinates are used to develop the dynamic equations of motion of the system. This method is based on an amalgamated formulation combined by the generalized Newton-Euler equations, the kinematic relationships between the absolute, elastic, and relative joint coordinates and the joint reaction force equations in order to form a system of dynamic equations which have a sparse matrix structure. It leads to a system of loosely coupled equations in the absolute, joint and elastic accelerations as well as the joint reaction forces. The sparse matrix structure of this system and the fact that the joint reaction forces associated with the elastic coordinates do not represent independent variables, are utilized in order to decouple the joint and elastic accelerations. The resulting equations can be solved for the absolute and joint accelerations as well as the joint reaction forces. Numerical results show that the procedures can lead to a significant saving in computer time if the deformation of the deformable structures is described using low frequency modes of vibration. If the system has high frequency modes of vibration, a significant portion of the computational time is spent on the numerical integration and consequently the contribution of the elimination and projection procedure becomes less significant.
